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Abstract. We consider canonical determinantal random point processes with 
N particles on a compact Riemann surface X defined with respect to the con- 
stant curvature metric. We establish strong exponential concentration of mea- 
sure type properties involving Dirichlet norms of linear statistics. This gives 
an optimal Central Limit Theorem (CLT), saying that the fluctuations of the 
corresponding empirical measures converge, in the large A'^ limt, towards the 
^ , Laplacian of the Gaussian free field on X in the strongest possible sense. The 

' CLT is also shown to be equivalent to a new sharp strong Szego type theorem 

for Toeplitz determinants in this context. One of the ingredients in the proofs 
are new Bergman kernel asymptotics providing exponentially small error terms 
in a constant curvature setting. 
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(3 ■ 1. Introduction 

This paper is one in a series which deal with A^— particle determinantal point pro- 
cesses on a polarized compact complex manifold X, i.e. associated to high powers of 
- ^ . an ample line bundle L — t- X. In the paper in [4] a general Large Deviation Principle 

^ ' (LDP) for such processes was established in the large A'^— limit showing that the 

■ empirical measures converge exponentially towards the deterministic pluripotential 

equilibrium measure. Moreover, in the paper [3] a Central Limit Theorem (CLT) 
was obtained, showing that the fluctuations in the "bulk" may be desribed by a 
Gaussian free field in the case of smooth test functions (linear statistics). In the 
present paper we specialize to the lowest dimensinal case when X is a Riemann sur- 
face and the corresponding A^— particle point processes are the "canonical" ones, i.e. 
the they are induced by the Kahler-Einstein metric on X. In this setting we obtain 
sharp versions of the upper large deviation bound and show that the convergence 
towards the Gaussian free field holds in the strongest possible sense, i.e. for linear 
statistics with minimal regularity assumptions (finite Dirichlet norm). This CLT is 
equivalent to a new sharp strong Szego type theorem for Toeplitz determinants in 
this context. The results are obtained from new "determinantal" Moser-Trudinger 
type inequalities, which imply strong concentration of measures properties. The 
proof of these latter inequalities is based on a convexity argument in the space 
of all Kahler metrics, combined with Bergman kernel asymptotics and potential 
theory. 



1.1. The general setup. Let L — >■ X be an ample holomorphic line bundle over 
a compact complex manifold X of dimension n. We will denote by H^{X. L) the 
A^— dimensional vector space of all global holomorphic sections of L. Given the 
geometric data (z^, |H|) consisting of a probability measure v on X and a continuous 
Hermitian metric ||-|| on L one obtains an associated probability measure /x^^^ on 
the A/^— fold product X^ defined as 

(1.1) /x^-^^ := -J- ||det *f (xi, ...XNyixi) • • • vixN) 

where det ^' is a holomorphic section of the pulled-back line bundle over X^ 
representing the ATth (i.e. maximal) exterior power of H^{X,L) and Zn is the 
normalizing constant. Concretely, fixing a base {'^i)fLi in H^i^^L) we can take 

(1.2) {det^){xi,...,XN,) = det(*i(xj)) 

We will denote ^ times the curvature two-form of the metric on L by cj (compared 
with mathematical physics notation uj = where A is the Chern connection 

induced by the metric on L). It will be convenient to take the pair {uj, v), which will 
refer to as a weighted measure, as the given geometric data. The empirical measure 
of the ensemble above is the following random measure: 

N 

(1.3) {xi, ...,xn) ^ Sn •■= y^Jxj 

i=l 

which associates to any A^— particle configuration (xi, ...,xjv) the sum of the delta 
measures on the corresponding points in X. In probabilistic terms this setting hence 
defines a determinantal random point process on X with N particles [23, 28]. 
If the correponding L^— norm on H^{X, L) 

(1.4) ||^r||^ = (^,*)^:= f ||*(a;)f d^(a;) 

is non-degenerate (which will always be the case in this paper) then the probability 
measure n^^^ on X^ may be expressed as a determinant of the Bergman kernel of 
the Hilbert space {H^{X,L), \\-\\x)i i-e. the integral kernel of the corresponding or- 
thogonal projection 11. A central role in this paper will be played by the logarithmic 

generating function (or free enegy) 

logE(e"(^'^i('^('''^) 

of the linear statistic 

N 

(1.5) Y.^{x,), 

1=1 

where E denotes the expectation wrt the ensemble {X^ , ij,'^^^),\.e. E(-) = /xiv(-)/"*'^^- 
By a well-known formula going back to the work of Heine in the theory of orthogo- 
nal polynomials the expectation above can also be writen as a Toeplitz determinant 
with symbol e~'^ : 

(1.6) E(e-(^£i('^(^'))) = det{(^e-^^i,^j'^^) detTie"'^]) 

where (*i)^i is an orthonormal base in the Hilbert space (i7°(X, L), \\-\\x) (and 
T[f] := n(/-) is the corresponding Toeplitz operator on H^{X,L) with symbol /). 
Replacing L with its k th tensor power, which we will write in additive notation 
as kL, yields, a sequence of point processes on X of an increasing number A^^ of 
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particles. We will be concerned with the asymptotic situation when A; ^ oo. This 
corresponds to a large A?^— limit of many particles, since 

Nk := dimi7°(X, kL) = Vk" + o(P) 

where the constant V is, by definition, the volume of L. 

As shown in [4] the normahzed empirical measure S^/Nf; converges towards a 
pluripotential equlibrium measure fj,eq, exponentially in probability. In particular, 
letting 



(1.7) ejv,,A(0) := Prob 



-^(0(xi) + .... + 0(xjvj) - Heq<P 



> A 



denote the tail of the linear statistic determined by (f), at level k, it was shown that 
^Nk,x{4>) — as /c — 7- cx) for any A > at a rate of the order e^^"^ 1'^ . In the 
case when X is a Riemann surface the curvature current u of the metric on L is 
semi-positive (so that /igq = c^^) the following more precise estimate was obtained: 

(1.8) e^„,(</.) < 2exp(-Ar| ^^(l + o(l)) ) 

where the error term o(l) denotes a sequence tending to zero as /c — )• oo (but 
depending on ^). 

1.2. The canonical setting on a Riemann surface. Let now L — > X be a 

line bundle of positive volume (degree) V over a Riemann surface X of genus g. It 
determines a particular sequence of dctcrminantal point process that we will refer 
to as the canonical deteterminantal point process on X associated to kL. These 
processes are obtained by letting {v^u) = {u/V^uo) for u the the unique volume 
form on X of volume V such that Riemannian metric determined by uj has constant 
scalar curvature. By the Riemann-Roch theorem we have (for k sufficently large) 

(1.9) Nk = kV-{g- 1) 

giving a simple relation between the level k and the corresponding number of parti- 
cles Nk- Accordingly, it will be convenient to talk about the canonical determinantal 
random point process on X with N particles and use A'^ as the asymptotic param- 
eter. Strictly speaking A''(= A^^) only determines L up to twisting by a flat line 
bundle, but the results will be independant of the flat line bundle. Physically, the 
canonical processes associated to kL represents the groundstate of a gas of spin- 
polarized free ferrmions in the "uniform" magnetic field kF^ where uj = and 
^ is a unitary connection on L (see [4] and references therein). Equivalently, these 
processes are defined by the lowest Landau level of the corresponding magnetic 
Schrodinger operator. 

The simplest case of this setting occurs when g = 0, i.e. X is the Riemann sphere 
and then H^(X, kL) may be identified with the space of all polynomials on the affine 
piece C of degree at most k = N — 1 equipped with the usual 5'i7(2)— invariant 
Hermitian product. Alternatively, embedding X as the unit-sphere in Euclidian 
the A'^— point correlation function of the process, i.e. the density of the probability 
measure, may be explicitely expanded as 

p'^^^Xi, ...,Xn) ■■= ^l<i<j<N \\Xi - Xj\f /Zn 

where 1/Zn = {^-^) ...{^zD In the phy sics litterature this ensemble also 
appears as a Coulomb gas of N unit-charge particles (i.e a one component plasma) 
confined to the sphere in a neutralizing uniform background u (see for example 
[11]). An interesting random matrix model for this process was recently given in 
[29] . In the higher genus case the role of polynomials are played by theta functions 



and modular (automorphic) forms on the universal covers C and M of X (when 
g = 1 and g > 1 respectively) equipped with their standard Hcrmitian products. 
See for example [17] for the case g = 1 in connection to fermions and bosonization. 
When g > I the Riemann surface X may be represented as the quotient F/H 
of the upper half-plane with a suitable discrete subgroup T of SL{2,M). Taking 
L := \Kx, where Kx denotes the canonical line bundle Kx = T*X (using the 
induced spin structure to take the square root of Kx) realizes H^{X,kL) as the 
Hilbert space of all modular forms of weight k, i.e. all holomorphic funtions on H 
satisfying f{{az + b)/{cz + d)) = {cz + d)^f{z) equipped with the Petterson norm 

llfl|2 f if|2 k dxAdy 

WfWx ■= I I/I y „2 ' 

Jr/m y 

integrating over a fundamental domain for F. In special arithmetic situation the 
base (^i) in 1.2 may be represented by Hecke eigenfunctions (but note that we have 
assumed that X is smooth and compact and in particular there are no cusps) [30] . 

1.3. Statement of the main results. It will be convenient to use the following 
conformally invariant notation for the normalized Dirichlet norm of a function (f) on 
X, i.e. the L^— norm of its gradient times l/47r : 

||#||^ ■=l^d4>A d'4> : (= ^ ^'^ 

We will obtain a very useful Moscr-Trudingcr type inequality for the canonical de- 
terminantal point processes, which generalizes Onofri's sharp version of the Moser- 
Trudinger inequality [36] (obtained when X is the two-sphere and N = 1). 

Theorem 1.1. Let X be a genus g Riemann surface and consider the canonical 
determinantal point process on X with N particles. It satisfies the following Moser- 
Trudinger type inequality: 

(1.10) logE(e-(^>=iW-^)-/x'^f))) < (^__l__ + e^)^ + 

where the error term ejv is exponentially small, i.e., e^r < Ce~^^ for some postive 
number C and 6 independent of (p and where 6 can be explicitely expressed in terms 
of the injectivity radius of {X,uj) (see formula 2.4 in Prop 2.1). Similarly, 
(1.11) 

logE(e-(^>=i(^(-')-^(^(-^))) < (^^—^^^-^ + ex^ \ ||#||^+eiv Ml^xv^+^n 

Moreover, when X is the Riemann sphere (i.e .g = 0) all the error terms above 
vanish identically. 

An important ingredient in the previous proof is a convexity result of Berndtsson 
[8] which in this particular case essentially amounts to the positivity of a certain 
determinant line bundle over the space of all Kahler metrics in the first Chern 
class of L. The error terms ex above come from the error terms in the Yau-Tian- 
Zelditch-Catlin expansion [44, 2, 33, 32] for the underlying Bergman kernel. As 
follows from Theorem 3.1 below these error terms are exponentially small, slightly 
refining previous recent results in [31, 32] (see section 3 for precise formulations). 

As a simple consequence of the previous theorem we then obtain a sharp version 
of the tail estimate 1.8 for such canonical processes. The main point is that it 
shows that the error term o(l) appearing in the estimate 1.8 can be taken to be 
independent of the function (j). As a consequence the estimate holds with minimal 
regularity assumptions on : 
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Corollary 1.2. Let X be a genus g Riemann surface and consider the canonical 

determinantal point process on X with N particles. Let be a function on X sueh 
that its differential dcp is in L^(X). Then the hnear statistic defined by (p has an 
exponentially decaying tail: 

where the error terms ejv are as in the previous theorem. 

We will also show that the Moser-Trudinger inequality in Theorem 1.1 is in fact 
an asymptotic equality in the following sense: 

Theorem 1.3. (strong Szego type theorem). Let X be a genus g Riemann surface 

and consider the canonical determinantal point process on X with N particles. Let 
(p be a complex valued function on X such that its differential is in L'^{X, C), i.e. (p 
has finite Dirichlet norm. Then 

logE(e-(^''^i('^(^')--/'^'^'^))) ^ - [ d(pAd''(p 

2 Jx 

as N ^ oo and the same convergence holds when the exponent above is replaced 
with the fluctuation of the linear statistic of (p. 

In [3] it was shown that, as long as a; > and (p is smooth an analogue of the 
convergence above holds in any dimension n if the conformally invariant norm above 
is replaced by the Dirichlet norm wrt co. But it should be emphasized that when 
n > 1 the convergence does not hold if one relaxes the smoothness assumption on 
(p to allowing a gradient in L^ (see section 2.4 for counter examples). 

The previous theorem may be equivalently formulated as the following Central 
Limit Theorem (CLT), valid under minimal regularity assumptions: 

Corollary 1.4. (CLT) The fluctuations 5]\f — M(6i\f) of the empirical measure (5jv 
converge in distribution to the the Laplacian (or rather dd'^) of the Gaussian free 
fleld (GFF). In other words, for any (p G L^{X) with dcp G L^{X) the fluctuations 

N 

i=l 

of the corresponding linear statistics converge in distribution to a centered normal 
random variable with variance . 

The GFF is also called the massless bosonic free field in the physics litterature. 
Heuristically, this is a random function wrt the Gaussian measure on the Hilbert 
space of all (p (mod R) equipped with the Dirichlet norm /2. For the precise 

deflnition of the GFF and its Laplacian see [40] (Prop 2.13 and Remark 2.14) and 
for a comparison with the physics litterature on Coulomb gases see section 1.3 in 
[41]. 

1.4. Relations to previous results. 

Exponential concentration. A determinantal Moser-Trudinger (M-T) inequality on 
but with non-optimal constants was flrst obtained by Fang [15] building on 
previous work by Gillet-Soule concerning the S*^— invariant case [18], which in turn 
used the classical Moser-Truding (one-particle) inequality. The motivation came 
from arithmetic (Arakelov) geometry and spectral geometry. The optimal con- 
stants on S'^ were obtained by the author in [5] using methods further developed 
in the present paper. It would be interesting to know for which other (determi- 
nantal) random point processes similar inequalities hold, i.e. upper bounds on the 



logarithmic moment generating function of the linear statistic defined by (f){x) in 
terms of the Dirichlet norm ||fi(^||^ . The only previously known case seems to be 
the case when the measure measure v is the invariant measure on (and a; = 0), 
corresponding to the standard unitary random matrix ensemble. Then the corre- 
sponding inequalities follow from a simple monotonicity argument going back to 
the classical work of Szego (see for example [25] and references therein). Recently, 
several works have been concerned with a weaker form of such moment inequali- 
ties where the role of the Dirichlet norm is played by the Lipschitz norm. These 
inequalities fit into a circle of ideas sourrounding the "concentration of measure 
phenomena" in high dimensions. We refer to the survey [21] and the book [34] for 
precise references. Formulated in the present settings these latter inequalities hold 
for u = lRe~'"^^'>dx with v{x) strictly convex (satisfying (Pv/(fx > C). As explained 
in [21], by the Bakry-Emery theorem and Klein's lemma, the corresponding point 
processes satisfy a log Sobolev inequality, which by Herbst's argument yields the 
desired inequality on the logarithmic moment generating function 

Szego type limits and CLT:s. The convergence in Theorem 1.3 (and its Corollary) in 
the case when X = S'^ was first obtained by Ryder- Virag [38], using combinatorial 
(and diagrammatic) arguments to estimate the cumulants (i.e. the coefficients in 
the Taylor expansion of the logarithmic moment generating function), combined 
with estimates on the 2-point functions. They also obtained analagous results for 
the homogenous determinantal point processes on the other two simply connected 
Riemann surfaces, i.e on C and H. However, in the latter cases the processes have 
an infinite number of particles and are hence different from the sequence of non- 
homogenous ones considered in the present paper on a compact Riemann surfaces of 
genus g > Q.lii the circle case (refered to above), assuming cj) smooth, the analogue 
of the convergence in Thm 1.3 is the celebrated Szego strong limit theorem from 
1952. In this case the Dirichlet norm of (j) has to be replaced by the Dirichlet norm 
of the harmonic extension of 4> to the unit-disc. The result of Szego was motivated 
by Onsager's work on phase transitions for the 2D Ising model. The case of a 
general 4> was eventually shown by Ibragimov [24] . A new proof was then given by 
Kurt Johansson [25], who also pointed out the relation to a CLT for the unitary 
random matrix ensemble. See also [14] for generalizations of the latter CLT using 
explicit moment calculations and harmonic analysis. We refer to the survey [42] for 
an interesting account of the history of Szego's theorem. It is also interesting to 
compare the appearence of exponentially small error terms in the inequaties 1.1 with 
the exponentially small error terms obtained in [42] in the context of the classical 
strong Szego theorem. The proof in the Riemann surface cases in the present paper 
is partly inspired by the argument in [25] , where the determinantal Moser-Trudinger 
inequalities on (refered to above) were used to reduce the upper bound in the 
convergence to the smooth case, also using analytic continuation. There are also 
similar convergence results for other weighted measures in the plane appearing in 
Random Matrix Theory, but regularity assumptions on (f) are then imposed [25, 26]. 
It should be emphasizes that the classical strong Szego theorem has previously been 
extended and extensively studied in various other directions, notably in the context 
of pseudo-differential operators and in particular Schrodinger operators (see [42] 
and references therein). Compared to the present paper the role of Schrodinger 
operators is here played by magnetic Schrodinger operators. Finally, it may also be 
interesting to compare the CLT above with the central limit theorem and variance 
asymptotics obtained very recently in [35] for non-smooth linear statistics in the 
different context of random point processes defined by zeroes of Gaussian entire 
functions. 
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1.5. Notation^. Let L X he a holomorphic line bundle over a compact complex 
manifold X. 

1.5.1. Metrics on L. We will fix, once and for all, a Hermitian metric ||-|| on L. 
Its curvature form times the normalization factor ^ will be denoted by co. The 
normalization is made so that [co] defines an integer cohomology class, i.e. [u] G 
H'^{X,7i). The local description of ||-|| is as follows: let s be a trivializing local 
holomorphic section of L, i.e. s is non-vanishing an a given open set U in X. Then 
we define the local weight $ of the metric ||-|| by the relation 

II l|2 -3> 

||s|| = e 

The (normalized) curvature current u> may now by defined by the following expres- 
sion: 

^ 

u = —dd^ := d(f^, 

(where we, as usual, have introduced the real operator d'^ := i{—d+d)/ATr to absorb 
the factor ^). The point is that, even though the function ^ is merely locally well- 
defined the form u is globally well-defined (as any two local weights differ by log \g\'^ 
for g a non- vanishing holomorphic function). The current co is said to be positive 
if the weight $ is plurisubharmonic (psh). If $ is smooth this simply means that 
the Hermitian matrix coij = (gf-^) is positive definite (i.e. a; is a Kahler form) 
and in general it means that, locally, $ can be written as a decreasing limit of such 
smooth functions. 

1.5.2. Holomorphic sections of L. We will denote by H^{X,L) the space of all 
global holomorphic sections of L. In a local trivialization as above any element ^ 
in H^{X,L) may be represented by a local holomorphic function /, i.e. 

^ = fs 

The squared point- wise norm ||^|| (x) of ^, which is a globally well-defined function 
on X, may hence be locally written as 

ll^f (x) = (|/|V*)(a;) 

It will be convenient to take the curvature current lo as our geometric data associ- 
ated to the line bundle L. Strictly speaking, it only determines the metric ||-|| up to 
a multiplicative constant but all the geometric and probabilistic constructions that 
we will make are independent of the constant. 

1.5.3. Metrics and weights vs uj— psh functions. Having fixed a continuous Her- 
mitian metric ||-|| on L with (local) weight <I>o any other metric may be written 
as 

||.||2 .= e""^ ||-f 

for a continuous function cj) on X, i.e. (j) G C^{X). In other words, the local weight 
of the metric Ij-H^ may be written as ^ = (p + and hence its curvature current 
may be written as 

dd'^^ = u + dd^cj) := 



general references for this section are the books [19, 13]. See also [1] for the Riemann surface 
case. 
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This means that we have a correspondence between the space of all (singular) 
metrics on L with positive curvature current and the space PSH(X, uj) of all upper- 
semi continuous functions on X such that > in the sense of currents. Note for 
example, that if * G H^{X,L) then log G PSH{X,uj). In particular, in the 
Ricmann surface case PSH{X,ui){= SH{X,uj)) is the space of all use functions (f) 
such that Aco(l) > — 1, where A^j denotes the Laplacian wrt the Riemannian metric 
corresponding to w, i.e. 

(where by our normalizations A,^ = ^(^ + ^) in the case when oj is locally 
Euclidean). 

2. Canonical point processes (Proofs of the main results) 

For a general Kahler manifold (X, uj) there is well-known energy type functional 
which may be written as 

1 " r 

Up to normalization it can be defined as the primitive of the Monge- Ampere oper- 
ator seen as a one-form on the space of all Kahler potentials (p (and it was in this 
form it was first introduced by Mabuchi in Kahler geometry; see [4] and references 
therein). This means that d£^{4>) = oj^/V (in the sense of formula 2.6 below) 

We now turn to the case when X is a Riemann surface, i.e. n = 1. In particular, 
after an integration by parts can then be expressed in terms of the usual Dirichlet 
energy on a Riemann surface: 



(2.2) V£U(I>) = ~Jd(f)Ad''cl) + J (f)Lo 

Following [5] it will also be convenient to consider a variant of the setting given in 
the introduction of the paper where the Hilbert space is the space H^{X, kL + Kx) 
of holomorphic one-form with values in L equipped with the canonical Hermitian 
product induced by the weight $ on L : . 

(2.3) := ^ f * A^e-'^* 



J X 

(equivalently, one picks a volume form ji on X and takes as the metric on Kx)- 
We will call this the adjoint setting and the corresponding process on X the adjoint 
determinantal point process at level k. Anyway, as explained below, the adjoint and 
the canonical point processes coincide when the curvature form a; of $ has constant 
curvature. We note that if 5n denotes the empirical measure for the adjoint process 
with N particles then 

N 

E(<^jv) = i^*»A*,e-*, 

i=l 

for an orthonormal base (^',:), i.e. E(57v) is equal to the restriction to the diagonal 
of the Bergman kernel K,^(x, y) of H^(X, kL + Kx)', see section 3. 

Proposition 2.1. Let L ^ X be a line bundle of degree V over a Riemann surface 
of genus g. Assume that L is equipped with a metric e^* with strictly positive 
curvature form a;(= dd'^^) such that the Riemannian metric on X defined by u has 
constant scalar curvature R{= (2 — 2g/V). Then the canonical determinantal point 
processes associated to kL (with N{= A^^) particles) satisfy 

sup 1 < SN, 



where is exponentially small, i.e. ejv < Ce . In the case g = we have e^v = 
and when g > the constant 5 can be taken to be arbitrarily close to 

(2.4) ^log{cosH^I{X)) 

where I{X)) is the injectivity radius of X (which coincides with half the length of 
the shortest geodesic on X). 

Proof. To simplify the notation we set V = 1 (the case V ^ 1 follows from trivial 
scalings). First we recall that in the general setting where 1.4 defines a Hilbert 
norm on H^{X,kL) we have the basic relation ¥,j\[{5j\[) = Bk{x)dv where B]^{x) is 
the point-wise norm of the corresponding Bergman kernel and hence Theorem 3.1 
below (or its corollary) gives Eiv(5iv) = k + R/2+0{e~^^). Since, N = J Bk{x)di' it 
follows that N = k + R/2 for k » 1 (a special case of the Riemann-Roch theorem) 
concluding the proof of the proposition. □ 

2.1. Proof of Theorem 1.1 (determinantal Moser-Trudinger inequality). 

We will start by proving the following non-asymptotic inequality. 

Proposition 2.2. Let L ^ X be a line bundle over a Riemann surface equipped 
with a smooth metric with strictly positive curvature form uj. Consider the corre- 
sponding adjoint determinantal point process. Then the following estimate holds 

^ logE(e-^) - £^{<j>) < sup 1^^^ - 1\{-£M " sup 

for any smooth function (f) satisfying := dd'^cp + w > 0, where 6{= 6n) denotes 
the empirical measure of the process with N particles. 

The proof is a simple modification of the proof Theorem 33 in [5]. As a courtesy 
to the reader we will recall the argument in [5]. An important ingredient in the 
proof is the notion of a C^— geodesic (wrt the Mabuchi metric) connecting (f)Q and 

in C'^{X)nPSH{X,u). This may be defined as the continuous path </><(= </>(••*)) 
connecting and in C^{X) fl PSH{X, oj) obtained as the upper envelope of all 
5*"^— invariant 7r*Lt;— psh extensions to the n + 1— dimensional complex manifold with 
boundary M := X x ([0, 1] x S^) (where tt denotes the projection from X x [0, l[xS'^ 
to X). In particular, 0t is convex in the real paramter t e [0, 1] and satisfies the 
homogenous Monge- Ampere equation in the interiour of M : 

(2.5) dtdt<l>t-\idx{dt<t>t)\l,^=0 

in the weak sense of pluripotential theory (see [5] for the precise construction). The 
following variational formulae are well-known (and straight-forward): 

(2.6) 

(z) ~d{logE{e-'^*)/dt = (E^^^{6/N),dcf>t/dt) , (ii) dS^Mt) / dt = ^ {u^^„d<t>t/ dt) 

Moreover, if (f)t is a C°— geodesic in Psh(X, a;) then 

{i') logE(e'~'^') is concave, (m') f[^(,(^t) is affine 

in the real parameter t (note however that logE(e~'^') is convex along affine curves; 
compare Remark 2.5 below). The item {i') above follows from the Toeplitz determi- 
nant representation 1.6 combined with the positivity results for direct image bundles 
in [8]. See also the appendix in [5] for another proof of (i') using the structure of 
determinantal point processes. The key point is the following formula 

(2.7) d^, logE(e-'^*) = Tr {T[dtdict>t] + {iT[dtct>t]f - T[{dtct>tf])) , 
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where Tr denotes the trace and r[/] is the Toeplitz operator with symbol / wrt the 
perturbed weight ^ + (j)t : 

T[f] = [ /(y)K$+^,(.,y)(=n$+^,(/.)) 
Jx 

One then uses the geodesic equation 2.5 to replace dtdt(pt with \dx{dt<j)t)\t^ ™ 
the first term in 2.7 and finally apply the Hormander-Kodaira L^— estimate for the 
inhomogenous Bx- equation (see 3.16 below) to deduce that (?| logE(e~'^*) < 0. 



2.1.1. The proof of Proposition 2. 2. Now consider the following functional on (X) , 
which is invariant under addition of constants: 

For any given (j) G C^{X) fl Psh(X,a;) we let be the C°— geodesic such that 
= and (pi = (j). By the concavity of J-u]{<j>t) (resulting from {%') combined with 
{ii') above) and since J\j(0o) = we have 



,i4>) < d{TM))/dtt=o = J iVE{S/N)/u; - l)^co{-dcl)t/dt)t=o 



Next, note that, since the inequality in the theorem that we are about to prove is 
invariant under (f) (f) + C we may as well assume that sup^ ^ = 0. Since (j)t is 
convex in t we have —dcpt/dt < (f>i — (f>o = (f) (we are using right derivatives, which 
always exist by convexity) and hence 

TU^) < sMVE{S/N)/cu - l)i( J u{-d(l>t/dt)t=o 

Next, note that, combining (ii) and {ii') above gives 

( J uj{-d^t/dt)t=Q = d£^{4>t) / dtt=Q = -£uj{(l>) 



and hence 



J'M < sup(FE(V^)/c.- - 

X 



Finally, replacing (j) with ^ — supx <t> finishes the proof of the proposition. 

2.1.2. The psh projection P^. To reduce the case of a general smooth function ^ to 
an psh one we will make use of the psh-projection mapping smooth functions 
to w— psh ones: 

(2.8) {Puj(l>){x) := sup{^(a;) : V e PSH{X,uj), ^<(j)onX} 

It is not hard to see that Pi^(j) is continuous when (f) is and moreover that the 
following "orthogonality relation" holds [6] 

(2.9) / {<j)-P^(f>)dd%P^^) = 

Jx 

(as a consequence of the maximum principle for the Laplacian). 
Proposition 2.3. Let {X,uj) be a Riemann surface with a Kdhler. Then 

{t)£.{4>) < £up^(t>), {ii) \\d{Pa.mx < mix 

for any (j) G C^{X). 
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Proof, {i) was proved in [5] and (ii) is proved in a similar way, as we will next see. 
Integrating by parts (which is allowed, for example using that Pi^cf) is C^'^— smooth 
[5]) gives 

\\diP^cj>)\\], = I {-P^<l>)dd%P^cj>) = I {-P^cj>)idd'^P^cf> + u) + I iP^cj>)u 

Next, since Pu<p = a.e. with respect to (dd'^P^cf) + oj) (by formula 2.9) this means 
that 

\\diP^cf>)fx = I i-ct>)idd''P^cf> + u) + 1 {P^cf>)u = I (-</.) (dd^P,0) + 1 {P^ct>-<t>)u 
But since {P^^cj) — 0) < and a; > the last term above is non-positive and hence 

\\d{p^ml<\\d{p.mx\mx^ 

also using the Cauchy-Schwartz inequality for the first term above. Dividing out 
||(i(Pc^,(;/!))||jf (which is always non-zero if (f) is) proves Step 2. □ 

2.1.3. End of proof of Theorem 1.1. We start with the proof of the inequality 1.10. 
Consider the line bundle kL with $ the weight of a metric on L with curvature 
uj := dd'^^ > and decompose 

kL=:Lk + Kx, A:$ =: + $^ 

where := log( y.i,i^/^^g ) defines the weight of a metric on on Kx- Then the Hilbcrt 
space H^{kL) associated to the weighted measure (y,tf) is naturally isomorphic to 
the Hilbert space H^{Lk + Kx) associated to the weight in the adjoint setting, 
just using that, by definition, 

e-''^y = e-^HdzAdz 

We will write cok ■= dd'^^k (and we let iV^ be the dimension of H^{kL) and Vk the 
volume (degree) of L^. Then 

(2.10) cok/Vk = co/V 

and in particular Uk > 0. This follows immediately from the fact that the forms in 
rhs and the Ihs above both integrate to one over X and moreover, by assumption, 
U! satisfies the Kahler-Einstein equation: 

dd'^(j)^{:= -Ricw) = Aw 

for some constant A, so that is proportinal to lo. 

Step one: scaling by k and assuming {oJk)(j,{'= oJk + dd'^cj)) > 0. 

Applying Prop 2.2 and Prop 2.1 to {Lk,u!k) and (f) and using formula 2.2 gives, 
using 2.10, 

l-\ogE{e-'f>) + S^,ict^) < 6fc \m'x + 1 (sup<^- ^)^ 

Next, we recall the following basic inequality: there is a constant C (only depending 
on to) such that 

sup tp < ^uj + C 
X Jx 

for any ip such that wy, > (as follows immediately from Green's formula; see 
[20] for more general inequalities). Setting = (f)/k and applying the previous 
inequality to the rhs in the preceeding inequality gives, since cok/k ^ u, that 

i- logE(e-^) + S^^icl^) < e^mfx + kC) 
Step two: using P^^^^, 
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Let now ^ be a general smooth function. Since P{ujk)^ < ^ we have log E(e ^) < 
logE(e~^''^fc''^) and hence the previous step applied to Pwfc^ combined with (z) 
in the previous proposition and step one gives 

l-logKie-t-) + S^,{4>) -ek<ek MP^^^ < \m\ 

also using {ii) in the previous proposition in the last inequality. Finally,using the 
scaling property 

(2.11) logE(e-('^+^))/Ar = -c + logE(e-'^)/Ar 

together with formula 2.2 and the identity 2.10 we can rewrite 

i-logE(e-<^) +^,,(0) = i-logE(e-(<^-/x^F) - ±1 \\d<t>\\\ 
All in all this means that 

logE(e-^)<(^l + efe)||#||^ + 6, 
Finally, by the Riemann-Roch theorem 

iVfc _ fcdeg(L)-dcg(Kx)/2 _ Nk _ 

Vk kdeg{L)-deg{Kx) Nk-deg{Kx)/2 + {1 - g) 

finishing the proof of the inequality 1.10. 

To prove the second inequality 1.11 in the theorem we first note that 

I <p{uj/V - E{6/N)) < M ^x(^)/^ (:= cn mf U + c\\ ^i(^)) 

Indeed, the Ihs above is invariant under the action of M, (f) ^ + and hence 
the inequality follows immediately from Prop 2.1. The incquaUty 1.10 then follows 
immediately from the fact that (f) ^ d(f) is invariant under the action of M combined 
with the scaling property 2.11 (just take ijj = (f)— j <poj and c = J <p{uj/V—'E{S/N))). 

2.2. Proof of Cor 1.2. The proof is a standard application of Markov's inequality: 
for any given t > we have 

Prob{F > 1} = Prob{e*^ > e*} < e-*E(e*^), 

where in our case Y = -^{4>{xi) + ... + (f){xN). By the previous theorem the rhs 

above is bounded by e^*+^*^/^e^^ for c = (a^v + cn) ■ Taking t = 1/c 

shows that the first factor may be estimated by which finishes the proof of the 
corollary. 

2.3. Proof of Theorem 1.3 (Sharp Szego type limit theorem). We will use 
the following notation for the fiuctuation of the linear statistic determined by a 
function ^ on X : 

N 

:= ^(<^(a:i) - E(0(xi)) 

1=1 

We start by proving the following universal bound on the variance for the canonical 
processes, which is of independent interest. 

Proposition 2.4. For any given function ^ on X the following upper hound on the 
variance of the corresponding linear statistic holds: 

E(|0p)/4<(l + ejv)||#||^ + e^ 11,^11 
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where ejy denotes a sequence, independent of (f), tending to zero. In particular, if 
4> G i^^(X) and d(j) € L'^{X) then the variance is uniformly hounded from above by 
a constant independent of N. 

Proof. We will denote by ejv a sequence tending to zero, which may change from 
line to line. By the second inequality in Theorem 1.1 we have 

]g^g-t(^^ < ^i:^+<iN))^t'^\\d4>\\x+eNtUhl^x)/mg^<^N 

Using 2ab < + 6^ hence gives 

E(e-*^) < e'^''f-e^\ f^ = ((1 + e^) \m], + cm UWli^xyw + ^n) 

Repeating the argument in the proof of 1.2 (involving Markov's inequality) hence 
gives 

Prob{(0 > A} < e^^'^T^e'^ 
Now using the push- forward formula for the integral in E(|^p) we can write 

poo roo 

E{\^f) = / (Prob{.^2 > A})d(A2) + / (Prob{(-^)2 > X})d{X') 
Jo Jo 

< 2 • 2/^e^^ 

where we used that j'^ e~^a^ds = 2a in the last step, finishing the proof. □ 

As shown in [3] (see also the Remark below) we have for any fixed smooth function 
^ and t G M 

(2.12) E(e'*'^) ^ ^-tmxd<l>Ad-,l> 

as N ^ oo. Using the variance estimate above we can extend the previous conver- 
gence to the case when we merely assume that ||c/0||x < (and hence ||</'||i,i(x) < 
oo). To this end take a sequence <pj G C°°{X) such that ||d(0j — <p)\\x ^ and 
Uj-Hl^^x) 0- Since 

|E(e^*^^)-E(e^*^)|2 <E(|«p) 
for u = (pj — (f) (just using 1 — e** < |s|) we deduce that 

|E(e^%) - E(e^*^)|2 < C(||d(<^ - 0,-)llx + U - '^.llii(x) 

for TV" >> 1 and hence letting first N and then j tend to infinity proves the con- 
vergence 2.12 in the non-smooth well. 

Next, we observe that the convergence 2.12 moreover holds for any t G C. Indeed, 

fk{t) :=E(e^*^) 

is a sequence of holomorphic functions on C such that for i in a fixed compact 
subset K oiC 

|A(t)|<E(e-(^™W)^)<Ci^ 

using the second inequality in Theorem 1.1. Since fk converges point- wise to the 
holomorphic function f{t) = e~* f d4^d''(t> for t g M it hence follows (e.g. by Vitali's 

theorem) that fk converges to / everywhere on C. In other words we have now 
proved Theorem 1.3 for the case of real and imaginary (p. Finally, if (p is complex 
valued we consider (pg = u + sv where </> = (/>s for s = i. The previous convergence 
shows that E(e~'^'') converges to an explicit holomorphic function (as above) for 
s G M. Moreover, since the upper bound on |/fc(.s)| still holds (by the same argument) 
the previous argument also shows that the convergence holds for any s G C and in 
particular for s = z. 
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Remark 2.5. For completenes we briefly indicate a "self-contained" proof of 2.12 in 

the case when (j) is smooth. Since we already have established the upper bound on 
log E(e*''^) it will be enough to establish the lower bound (and as above we may 
assume that t is real). To this end we use that, at level k, 

logE(e-*^) = U |Kfc^+,^(x,y)|2e-«'=*+*^)(-)+('=*+*^)(^)(</.(x) - ^(y))^ 
^ JxxX 

(which follows from 2.7 using that the first term vanishes and by rewriting the 
second term). Next we restrict the integration to Ak ■= {d{x,y) < logk/k^^"^} C 
X X X. Let z denote local holomorphic coordinates centered at x £ X and a 
trivialization of L such that $(z) = |zp + 0(|zp). Then it is well-known that 

Kk<s>+t<t>ix + z/k^/\x + w/k^^^) = ke'"" + o(l) 

uniformly in k and t (for t = this follows immediately from Theorem 3.1 below 
and the general case is obtained from the same proof since the perturbation tcj) 
does not effect the leading term). Finally integrating first over y (or rather w) and 
then over y gives the lower bound ||d(;i!>||^ . Since, the first derivative of logE(e~*'^) 
at t = vanishes, using (i) in 2.6, this finishes the proof of the lower bound (by 
general integration theory). 

2.4. A brief acount of the higher dimensionsional case. Let us now come 
back to the case when X is n— dimensional and fix a Kahler form oj on X. In [3] 
the analogue of the convergence in Theorem 1.3 was shown to hold as long as (p 
is smooth. More precisely, in the convergence statement (j) has to be replaced by 
^-(n-i)/2^ and the norm ||#||^ by 

\mlx,.) = I ^'/'Ad^0A^^^(= I m'dv)). 

However, when n > 1 there are integrable functions (j) with f-^ {Vcpl'^uj^ < oo, but 
J e^'^dV = oo (as is well-known in the context of Sobolcv inequalities). As a conse- 
quence, it is not hard to check that for such a function (p we have E(e-('^(^i)+-)) = 
oo and in particular the analogue of the convergence in Theorem 1.3 cannot hold 
(after perhaps scaling 0). Moreover, the corresponding analogue of the Moser- 
Trudinger inequality in Theorem 1.1 fails when n > 1 (as is seen by approximating 
(p as above with a monotone smooth sequence (pj). Explicit counter-examples are 
obtained, already when iV = 1, by letting X = P"'(D C") and oo be the standard 

SU{n + 1)— invariant metric on and taking (pj{z) := mlog( "'"(;^"|"]^j ) (for a fixed 
m > n) decreasing to (p{z). Note that (pj is even tj— psh. 

On the other hand, another variant of the determinantal Moser-Trudinger in- 
equality in Theorem 1.1 does hold in higher dimensions. More precisely, ^ 
has to be replaced by Aubin's J— functional (which is comparable to J dcp A d'^cp A 
(cj^)". Moreover (p has to be assumed c<j— psli (i.e. > 0) (otherwise there are 
counter-examples, as explained in [5]) When X = (or more generally X is a 
rational homogenous manifold) the corresponding inequality is the content of Cor 
2 in [5], with vanishing error terms ejv- More generally, the arguments in Step one 
in the proof of Theorem 1.1 extend in a straight-forward manner to the higher- 
dimensional case when the Kahler metric oj has a constant scalar curvature (but 
then the error terms ejVj, are then of the order 0{l/k)). 

3. Bergman kernel asymptotics with expontially small error terms 

In this section we will prove the following theorem used in the proof of Proposition 
2.1 above (for an explicit description of 5 below, see Remark 3.5). 
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Theorem 3.1. Let L ^ X be a line bundle over a Riemann surface equipped with 

a metric e~* with positive curvature form cj(= dd'^^) such that the Riemannian 
metric on X defined by oj has constant scalar curvature R close to x. Then there 
is a neighbourhood of {x} x {x} in X x X such that the corresponding Bergman 
kernel satisfies 

(3.1) Ku{z,w) = {k + \R)e^^^^''"^ + ek 

where -0 is the local holomorphic function such that ip{z,w) = ^{z) and denotes 
a smooth section of kL M kL whose point-wise norm is of the order 0(e~^^). In 
particular, 

(3.2) Bk{x) := \\Kk{x,x)\\=k+^R + 0{e-^'') 

(in the case when X is the two-sphere and R is constant on ah of X our argu- 
ments will give the well-known fact that the error terms vanish identically). Here 
the Berman kernel G H^{X x X,kLM kL) denotes the integral kernel of the 
orthogonal projection from C°°(X, L) onto the Hibert space H^{X,kL) using the 
L^— norm defined by the metric on L and volume form dv = ui (formula 1.4). The 
normalization of R has been chosen so that R = deg{TX){= 2g—2) when it is glob- 
ally constant (and hence integrating 3.2 against uj over X gives the Ricmann-Roch 
relation 1.9 for k large). We recall that a sequence Ok is said to be exponentially 
small, written as = 0{e~''^) if \ak\ < Ce~''^ for some numbers C,S > (if Ofe 
are functions then, by definition, the estimate holds uniformly). 

The case of larger error terms of the form 0{e^^^^°'^''^^^) in 3.2 was priouvsly 
obtained in [31, 32] using Tian's method of peak sections. It was also pointed 
out there that the case of even larger error terms of the form 0{k~°°) can be 
deduced from the results in [33] concerning the Yau-Tian-Zelditch-Catlin expansion 
of B)., but that one may expect exponentially small error terms (as confirmed in 
the theorem above). In the case when L = Kx and the scalar curvature is constant 
on all of X (in particular X then has genus at least two and i? < 0) the error term 
0{e~^^) in 3.2 could also be obtained by writing X = F/EI for a Fuchsian group V 
and using that that B^ is constant in the non-compact case setting of X = H and 
then estimate the effect of the 'T— periodization" coming from a Poincare theta 
series (as pointed out to the author by Steve Zelditch) A similar periodization 
argument was used in [16] in the case when X is the torus. 

One motivation to consider the situation when R is not globally constant is to 
allow applications to the setting of constant curvature metrics with conical singular- 
ities and cusps. For example, in the hyperbolic setting this means that the Kahler 
form oj is the unique solution to 

(3.3) Ric u = -LO Ci5p^ 

for given coefficents q G [0, 1] HQ and a finite number of points Pi in X ([22], Thm 
21.1). Equivalently, oj has constant scalar curvature —1 on X — {^Pi} with conical 
singularities at an angle 27r(l — q) at any Pi such that q < 1 and a cusp at any Pi 
such that Cj = 1. ^ 

Letting D = CiOp^ be the corresponding Q— line bundle we then have the 
following 



The classical case when X — {P, } = F/H for a Fuchsian group F corresponds to the the case 
when Ci = 1 — 1 /m for m a positive integer or infinity and then lo is induced from the hyperbolic 
metric on H 
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Corollary 3.2. Let L = Kx + D and let oj he the unique (singular) metric on X 
above. Then the Bergman kernel expansions 3.1 and 3.2 hold for any x £ X — {Pi}. 
Moreover, the positive number 5 appearing in 3.2 may be taken to be arbitrarily 
close to 

21og(cosh(7r/(x)/V^)) 

where I{x) is the injectivity radius in X — {Pi} a,t x (which coincides with half the 
length of the shortest closed and simple geodesic on X, passing through x, when 
D = 0). 

The Bergman kernel in the previous corollary is, as usual, defined wrt the sub- 
space of H^{X,kL) consisting of all "cusp forms", i.e. sections vanishing at the 
cusps and it is well-defined for all k such that kci G Z for all i. 

The rest of the section is devoted to the proof of the theorem above; following 
the scheme in [2] we first prove a local variant of the expansion and then globalize. 
The main point here is the observation that the local expansion may be obtained 
using the "local symmetry" of L (as opposed to the general case treated in [2]) which 
leads to a precise controle of the error terms. 

As is well-known the local constant curvature condition implies that there exists 
a local holomorphic coordinate w centered at x on some simply connected neigh- 
bourhood U such that 

CO := —2(1 + R\w\'^)-'^dw A dw{= dd^^o) 
27r 

where ^oi"^) = log(l + R\w\'^) for i? / and <I>o = \w\'^ for i? = (obtained in 
the limit -R 0). Now fix a local holomorphic section s of L close to x and write 
= e"* for a local function recalling that u = dd'^^ (see section 1.5). By the 
previous relation this means that $ — $o is a harmonic function on U and hence 
we may write e~* = |/ipe~*° for some non- vanishing holomorphic function h on 
U. Accordingly, after replacing s with h~^s we may as well assume that we are in 
the model case $ = $o- 

3.1. Local Bergman kernels for the model cases. Given a smooth function $ 
on a domain [/ in C containing we let 

{f,9)uk^ ■= [ fge-'^dd'^^ 
Ju 

and denote by Hk^{U) the space of all holomorphic functions on U such (:= 
{f,g)uk^) < Following [2] we will say that i^(fc)(^, C) is a (local) Bergman kernel 
mod 0{e~^^) (with respect to $) if it is holomorphic in ^ and there exists number 
6 > such that for any / G Hk^(U) we have, for all z in some neighbourhood 
y C J7 of that 

(3.4) fu{z) = {fu,xK(k){zr))u^^^ + mu,mO{e-^')e>^^l^ 

where x denotes a smooth function x compactly supported on U which is equal to 
one on ^U. 

Proposition 3.3. Let^{w) = -2\og{l+ R\w\'^) / R. Then the function Kf^k-^^zX) = 
(k + ^)(1 -I- RC,zY^/^ is a local Bergman kernel mod 0{e~'^^) (wrt $) when Ry^O 
and K(j^-^{z, Q = ke^^ when R = (coinciding with the limit when i? — >■ 0). 

Proof. Let e be a fixed (small) positive number. It will be convenient to let 5 be a 
small positive number (depending on e) whose value may change from line to line. 
First we not that for any / G Hi.^{U) we have 

(3.5) /,(0) = (fc + f) f Ae-^*dd^$ + ||A||i^^,^0(e-^V*/', 

^ J\w\<e 2 
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Indeed, applying the mean- value property of holomorphic functions to fk{re''^) for 
r fixed and then integrating over r (using that $ only depends on r) gives 



fkiO) = Ck [ fe-'^^dd''^ 

J\w\<e 



'\w\<e 

where 

(3.6) 1/cfe = / e-'^^dd"^ = [ e-^^dd"^ - [ e-^'^dd^^ 

J\w\<e J\w\<C Je<\w\<C 

and where we take = —\/R when i? < and C = oo otherwise. Since, with 
s = r^, 

e-'^^dd'^ = -(l+i?r2)-2*^/«-2lc/(r2)d^ = ^-^(1 + i?^)-^*^/^-^^ dsA — 
TT^ ^ 2 ^ ' ds\k + R/2^ ' ) 2tt 

the first integral in 3.6 equals l/{k + R/2) and 

(3.7) f e-''^dd^^ = 0{e-''^), 6 = ^e^) 

Je<\w\<C 

The formula 3.5 then follows from the trivial relation {l+0{e-'^^))-^ = l+0{e-'^^) 
combined with the Cauchy-Schwartz inequality. 

Next, we fix z in a given (small) neighbourhood V of U and define 

(3.8) F^{w):=C:={z-w)/{l + Rzw) 
(which is invertible with w = Fyu{^)) mapping to z and 

9ziw) := A(C)e'^^''"\ i'{z,w) := R- ' \ogil + Rzw) 
for a given /y^ G Hi;^{U). Then 

(3.9) |5.(t«)pe-'=*(-)e-'=*W = IfkiOfe-""^^^ 
as follows immediately from the relation 

(3.10) ^(z, w) + i;{z, w) - ^{w) - $(z) = -$(C) 

(see section 3.1.1 below). This shows in particular that gz G Hk^(U). Applying the 
formula 3.5 to fk ■= Qz hence gives 

fkiz) = (fe + f ) / A(C)e^'^(^"-)-'=*(-)d.d^$ + ||5.|Uc/,fe*0(e-'=^), 

^ J\W\<€ 2 

To rewrite this we first note that dd'^^ is invariant under the map Fz (as follows 
immediately from differentiating 3.10) and hence 3.9 gives that 

Moreover, the relation 

(3.11) V(^, - ^w) = i/jiz, - $(C) 
(see section 3.1.1 below) then gives that 

(3.12) fUz) = (fe + |) [ A(C)e'=^(^'^")-'^*(^^dc^^$ + ||/||t/fc$e^*(^)/'0(e-^ 

Next, we note that by the Cauchy-Schwartz inequality (applied to fk and e^'^) and 
the relation 3.10 (applied to w = () we have 

I J /fe(C)e'=^^^'^")-'=*(^)dc'^C*Pe-*(^) < I J \fk{0\'^e-''^^Od^dl^\\\ J e-'=*("')d^d^$|2 
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|5.(^)pe-'=*(-)d^C$ = [ |/fe(C)|'e-'=*(^)dcd^$, 



By 3.7 the second factor in the rhs above is exponentiahy small when integrating 
over the complement of a small disc centered at vj = (i.e. a small neighbourhood 
of z in the coordinates). Hence, we may as well replace the integration region 
Fz{eD) in 3.12 with all of U at the expense of introducing the cut-off function %, 
concluding the proof of the proposition. □ 

3.1.1. Proofs of the relations 3.10 and 3.11 by lifting. The relations 3.10 and 3.11 
are without doubt well-known (and trivial for = 0), but for completeness we give 
a brief proof here. To this end we use a standard lifting argument. Geometrically, 
this amounts to lifting Fz above to an isometry of line bundles: L Lq ^ L L^. 
Consider the vector space equipped with the diagonal Hermitian bi-linear form 
with eigenvalues {R, 1) so that the corresponding squared pseudo-norm ||-||^ is given 
by \\{wi,W2)\\% = R\wi\'^ + |w2p. Let 



^^■=(^jlz 1 j ' 7r(u;i,'u;2) = wi/w2 



(assuming W2 7^ 0), where clearly preserves ||-||^ modulo the scaling factor 
det(M,) = ||(z,l)||^. In particular, \\Mz{w,l)\\l = ||(z, 1)||^ ||(u;, 1)||^ and since 
(■(:= Fz{w)) = tt(Mr(w, 1)) this proves (upon taking logarithms) the relation 3.10. 
The relation 3.11 now follows by substituting the relation (l+i?|zp) = {l-\-Rzw){l+ 
RzQ into 3.10. In turn, this latter relation can be obtained by first calculating 
dQ/dw = —(1 + R\z\^)/{1 + RzwY and similarly for C, replaced with w (using that 
w = Fz{Q). Since d(/dw = {dw/dQ~^ this forces the previous relation, finishing 
the proof of 3.11. 

3.2. Globalization. 

Proposition 3.4. Let L ^ X be a positive Hermitian holomorphic line bundle 
over a compact complex manifold X and let x E X be a fixed point such that the 
local weight <I> of the metric wrt some trivialization of L around x is real-analytic 
ad admits a local Bergman kernel K{k) niod 0{e~^^) such that 

(3.13) K(fe)(z,C) = afee^^(-'^") 

for some sequence with sub-exponential growth (i.e. \ak\ < Cse^^ for any S > 0). 
Then the (global) Bergman kernel associated to kL satisfies the uniform estimate 

on some neighbourhood U x U of {x} x {a;} for some numbers C,5 > 0. 

Proof. Take local holomorphic coordinates w centered at x. The proof of the propo- 
sition is essentially contained in the globalization argument used in [2]. For com- 
pleteness we recall the argument. Fixing z and applying the defining formula 3.4 
Uk ■= Kk,z ■■= Kk{z, •) gives 

Kk,. = {xKk,., K^k))u,k^ + 0{e-^')e^^^^l^ 

where we have used that < H-f^fe.zHjf = ^k{z,z) < CA;"e'=*(^) by a 

standard estimate for Bergman functions (as can be see from a simple argument 
using the mean value property of holomorphic functions, just as below). Next, 
we note that the difference Uk,z '■= ^{k),z ~ {x^k,z, I^{k))ij is the L^— minimal 
solution to the 9— equation 



(3.14) 



du = g, 
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with g = d{xK(^k),z)j which by the Hormander-Kodaira L — estimate satisfies 
(3-15) \\uk,z\\k^ < C \\g\\l^ = \\{dx}K^k),z\\l^ , 

(recall that Bx is supported in a neighbourhood of w; = 0, vanishing close to 
w = 0). Hence the assumption 3.13 combined with the general basic fact that 
^k2'Re'ti){z,w)-(j>{w)-4>(z) jg exponentially concentrated around w = z (when dd'^cf) > 0) 
show that 

1 1 to f e-'^*^^) < Ce-^'' 
\\"'k,z\\k^^X^ ^ 

(in the case of Theorem 3.1 we get the same S as in 3.7 using 3.10 as above). 

It is now a standard matter to convert this L^— estimate to an L°°— estimate for 
Wk,z{C)\'^ when (" is close to z. Indeed restricting the integration in the previous 
inequality to a small disc -Dfc(C) of radius e/c~^/^ centered at gives 



\ukz{w)fdw Adw < C'e 

Finally, since the integral in the Ihs above may, by the mean value property of 
holomorphic functions, be estimated from below by cluk^ziOl"^ this finishes the 
proof of the proposition. □ 



Remark 3.5. Tracing through the arguments above in fact gives an explicit expres- 
sion for the exponent 6 appearing in the error terms in Theorem 3.1. Indeed, if we 
take U as a disc Dr of radius r then 6 can be taken to be arbitrary close to $(r^). To 
sec this just let the cut-off function x instead be supported on (1 — e')U for a given 
e' . Then e appearing in 3.7 can be taken arbitrarily close to r(l — e'). Note that if I 
is the radius of in the metric oj then, if R is globally constant, the optimal choice 
of r above correponds to I beeing the injectivity radius of X at x. A direct com- 
putation gives r = -^7= tanh(-^/— ^"z) and hence <I>(r^) = ^ log(cosh(y^— ^i). 
Moreover, the proof of Theorem 3.1 also goes through, word for word, in any di- 
mension n (so that w = (wi, ...,Wn) etc) if one assumes that the Kahler metric lo 
has constant holomorphic sectional curvature (and in particular constant scalar 
curvature := R). Indeed, using the normal coordinates in [10] one reduces to 
^{z) = — (n + l)log(l + i?|wp) as before. Computing the integrals in 3.6 then 
shows that the fc— dependent leading constant k + R/2 in the theorem has to be 
replaced by a constant which is an explicit polynomial in k which may be expanded 
as A;" -|- Y + 0{k"'^^). Also note that the global positivity (i.e. on X — U) of the 
line bundle in the previous proposition was only used in the Hormander-Kodaira 
L^— estimate (and that C = Ck has sub-exponential growth in k). For example, 
it holds as long as L is ample and globally semi-positively curved (and positively 
curved on U). 

3.3. Proof of the Corollary. The cororally follows from Theorem 3.1 and the 
remark above. Indeed, writing u = dd^^ we have by assumption that dd'^f^ = 
ce^~^'^dz A dz where $d = log|sDp for a holomorphic (multi-)section of D. 
Hence, e~'^^dd'^^ = 6^**=, where = (fc — 1)$ -|- is the weight of a singular 
metric on Lj. := (fc — 1)L -|- D (i.e. kL = + Kx) with positive curvature 
current. It then follows from Demailly's singular version of the Hormander-Kodaira 
L^— estimates [13] that the L^— minimal solution u to 3.14 satisfies 



(3.16) / \uYe-'"^dd''^ = / |u|^e-*^ < , , , 

^ ' Vix' J Jx - Jxdd-^k 

where g is seen as a (0, 1)— form with values in -|- Kx- In our case we take 

as above g = d{xK(k)^z) which is supported where $ is smooth and hence the 

previous estimates go through word for word (with a constant C only depending 
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on the fixed point x) . Finally, since the space of all "cusp sections" of kL coincides 
with the subspace of H^{X, kL) of all sections which are in wrt the L^ — norm 
defined by $fc this finishes the proof. This last fact follows from the well-known 
fact [22] that $ has only a mild singularity at any cusp (corresponding to z = 0) : 
$ ~ — log(— (log |2;|)). Hence, since dd'^^ = ce^-^dz A dz, a local holomorphic 

function Uk is locally integrable square wrt e'^'^dd'^^ iff 'Ufe(O) = 0. 
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